ABSTRACT. Two results concerning the ring R generated by a pair of 2 x 2 generic matrices over a field K are proved: (1) The trace ring of R is a coproduct of commutative rings. (2) If a finite subgroup G of SL(2, K) acts homogeneously on R and the characteristic of K does not divide the order of G, then the fixed ring RG is a finitely generated if-algebra.
A more detailed discussion of the ring of generic matrices and homogeneous group actions on it can be found in [2] , 2. A coproduct decomposition of R (2, 2) . From now on we will be concerned only with R(2,2), so we will usually write R, C, R instead of R(2,2), C(2,2), R(2,2). In addition, the two generic matrices will be X=(Xn Xl2\ y = (Vu Xl2\ 
LEMMA 2.
(1) P andQ generate R.
(2) A, P, and Q are commutative polynomial rings over K in 4 variables. a result of Dicks [1, p. 567, Remark (ii) after Corollary 7] that R = P UA Q has global dimension less than or equal to five. On the other hand, since 72 is a free module over C and C is a polynomial ring in five variables over K (Lemma 1(2,3) ), the global dimension of R is at least 5. I.e., let K -R/A, where A is the ideal of elements of R of positive degree; then global dimension (ii) > projective dimension of K over R > projective dimension of K over C = 5.
Thus we have the following result, which was proved by Small and Stafford [8] using iterated Ore extensions. LEMMA 5. (1) (R/J)G is a finitely generated K-algebra and R/J is a finitely generated (R/J)G-module. (1) is a basic result of E. Noether [6, 7] . ( 2) The commutator XY -YX generates J as a two-sided ideal, so (XY -YX) + J2 generates J/J2 as a module over (R/J) ®k (R/J)-(3) By (1) and (2), J/J2 is finitely generated-and thus Noetherian-as a module over (R/J)G ®k (R/J)gHence the submodule (J/J2)G is finitely generated as a module over (R/J)G ®k (R/J)g-□ LEMMA 6. Suppose that charÄ"f|c7|. Then (R/J2)G is a finitely generated Kalgebra. suppose that G acts homogeneously on R -R(2,2) = K{X, Y}, the ring of two 2x2 generic matrices. Then RG is a finitely generated K-algebra.
PROOF. If Gh(2,K) acts homogeneously on R = K{X,Y} and g G GL(2,K), then (XY -YXf = det(g)(XY -YX). Hence the hypothesis that G < SL (2, K) implies that XY -YX G RG.
There is an induced action of G on R/J2, and (R/J2)G is a finitely generated if-algebra by Lemma 6. Since char/it|C7|, the natural homomorphism RG -> (R/J2)G is onto, so there exist ai,... ,am e RG whose images generate (R/J2)G as a .fí-algebra.
Note that R = K © R\ © R2 © • • • is a graded domain. Moreover, the action of G preserves the grading, by hypothesis, so we may assume that a\,... ,am are homogeneous.
We claim that RG = B where B is the if-algebra generated by ai,... The proof fails because J2 /J3 is not finitely generated as a two-sided ideal (or Rbimodule). This is curious, because Lemma 2 of [3] implies that all Jn/Jn+1 (n > 1) are isomorphic as left i2-modules and as right i2-modules. The explanation is that as i?-bimodules J/J2 =■ Jn/Jn+l (n odd), J2/J3 Sf Jn/Jn+1 (n even), and the former is a free ii-bimodule on one generator while the latter is infinitely generated as an i?-bimodule.
